Pumping a nonlinear crystal by an intense radiation results in the optical parametric generation of photons in two modes (the signal and the idler). Quantized electromagnetic field in these modes is described by a continuous-variable quantum state, which is entangled if the pump is a coherent state produced by a laser. The signal and the idler modes remain populated by photons even if the pump becomes incoherent (dephased by a medium, mixed with a thermal state, or produced by an alternative source such as the superluminescent diode). However, the incoherent pump does effect the entanglement and purity of the signal and the idler modes, which is of vital importance for the quantum information applications and the interferometry. Here we develop an approach to infer the signal-idler entanglement and purity for a general quantum incoherent pump with the given Glauber-Sudarshan function. We show that the signal-idler entanglement is extremely sensitive to the phase distribution of the pump and illustrate our findings by physically relevant examples of the incoherent pump: thermal and displaced thermal states, slightly dephased and phase-averaged coherent states, and states modulated by the Kerr medium.
I. INTRODUCTION
The optical parametric generation (OPG) is a basis of modern quantum optics with numerous applications in quantum information and fundamental tests of quantum mechanics (see the reviews [1-6] and references therein). In the process of the OPG, a pump light beam propagates through a nonlinear medium and the interaction between the pump mode and vacuum fluctuations of the electromagnetic field occurs. Quantum description of such a process was suggested in the papers [7, 8] . Zel'dovich and Klyshko have noticed that the pump photons with frequency ω p break up into pairs of scattered quanta with lower frequencies ω i and ω s in accordance with energy conservation law ω p = ω i + ω s [9] . Down-converted photons are usually called idler (i) photon and signal (s) photon, also referred to as biphotons in the spontaneous parametric down-conversion process [10] . Burnham and Weinberg experimentally confirmed simultaneity in the production of photon pairs [11] . The pump wave vector k p in the crystal satisfies the phase matching condition, which is a momentum conservation law for down converted photons, k p ≈ k i + k s . The approximate equality is due to the finite size of a real crystal and a finite spectral width of the pump beam. The combination of the momentum and energy conservation laws determines the angular and frequency distribution of the down-converted photons, the entanglement properties, and the quantum interference characteristics [12] [13] [14] [15] [16] .
The use of avalanche photodiodes as detectors enables one to effectively probe the single-photon subspace of the idler and signal modes described by the state 
where H and V denote the horizontal and vertical polarizations, respectively, ( k, α) is the mode of electromagnetic radiation, a † k,α is a creation operator for photons in the mode ( k, α), and the function F k i , α; k s , β is a biphotons' wavefunction. Experiments with the polarization degrees of freedom [17] operate with the polarization density operator
where Ω is a region of vectors pointing to the polarization detectors. Eq. (2) is a typical example of the discretevariable quantum state of two qubits. The important feature of Eq. (1) is that it omits the vacuum contribution because the avalanche photodiodes are only sensitive to the presence of photons. Hence, the states (1) are conditional and cannot be created on demand. Eq. (1) also neglects the contribution of higher number of photons in the idler and signal modes because the probability to observe multiple photons in the signal and the idler is less than that for single photons. However, the use of homodyne detectors [5, 18, 19] and photonnumber resolving measurements [20] [21] [22] allows one to probe the contribution of vacuum and multiple photons in the signal and the idler. The corresponding quantum state belongs to the Fock space and reads
A narrow spatial filtering and polarization filtering allows one to fix the idler and the signal modes experimentally, see 
Schematic of the experiment with mode filtering to study the effect of incoherent pump p on the entanglement of continuous-variable two-mode states (signal mode 's' and the idler mode 'i'). States can be probed by the optical homodyne tomography (top right) and the photon-number resolving detectors (bottom right).
n |vac = |n i n s and the coefficients c n = n!F n k i , α; k s , β , we get the two-mode state
Eq. (4) defines a two-mode continuous-variable quantum state because the electromagnetic field amplitude in each mode [eigenvalue x of the operator X = (a + a † )/ √ 2] belongs to the continuous interval (−∞, +∞). In other words, the state (4) can be described by a continuous wavefunction ψ(x, y) = x, y|ψ = ∞ n=0 c n ψ n (x)ψ n (y), where X |x = x |x , X |y = y |y , and
, with H n (x) being the the Hermite polynomial of degree n. In this paper, we study pure and mixed continuous-variable states of the signal and the idler.
A paradigmatic example of a pure continuous-variable state is the two-mode squeezed vacuum (twin-beam) state with c n = (cosh r) −1 (tanh r) n , where r is the squeezing parameter. Such a state is created in the ideal parametric down conversion [23, 24] . The two-mode squeezed vacuum is entangled for all r > 0, i.e. ψ(x, y) = ϕ(x)χ(y). The greater the squeezing parameter, the more entangled the two-mode squeezed vacuum is. The entanglement of such type is useful for many quantum information protocols [1, [25] [26] [27] and interferometry [28] . In particular, the two-mode entanglement is necessary for quantum teleportation of continuous-variable quantum states [29] [30] [31] [32] .
The usefulness of entangled continuous-variable states in real experiments is limited by various reasons: (i) losses and additional classical noise (e.g., in atmospheric turbulence) [33] [34] [35] [36] [37] [38] [39] [40] ; (ii) the unavoidable noise in deterministic linear amplifiers [41] and general quantum channels [42] ; (iii) noise in the preparation of entangled states [43] [44] [45] [46] . A general noise results in the purity degradation (the state becomes mixed) and entanglement degradation (the state becomes separable if the noise is strong enough [37, 47] ). To fight with reasons (i) and (ii), one resorts to the most robust entangled states [37, 48] or interventions in the noisy dynamics [49] . Reason (iii) significantly affects the performance of entanglement-enabled protocols because any such protocol relies on a properly prepared (pure) entangled state [1, [25] [26] [27] . It is the goal of this paper to study the quality of entangled two-mode continuousvariable states prepared in the OPG with imperfect pump.
A real pump beam has two types of imperfections: (i) the pump beam is not an infinite plane wave but rather has a specific shape with temporal and spatial coherence properties; (ii) even if a particular plane wave mode is filtered from the pump beam, the quantum state of that mode is not a perfect coherent state |α in the phase space. The influence of effect (i) on the biphoton density matrix is studied in Refs. [17, [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] . Instead, we study the influence of effect (ii) on the quality of two-mode continuous variable quantum states as it imposes fundamental limitations on the use of mixed pump states. We focus on a single-mode pump state and its quantum properties in the phase space. The idea to consider the pump as a general mixed state is motivated by the recent research of the OPG pumped by a light emitting diode [57] [58] [59] . As we show in this paper, the use of the bright thermal light as a pump does produce correlated photons in the signal and idler modes, = n p n |n i n s n i n s |, however, this form of correlations is classical and there is no entanglement between the modes.
The effect of the squeezed pump on the properties of the signal and idler modes is studied in Refs. [60] [61] [62] [63] and the effect of the pump depletion is analyzed in the degenerate OPG in Refs. [64, 65] . In this paper, we go beyond the coherent and squeezed pump models and consider a general pump state p = P (α) |α α| d 2 α, where P (α) is the Glauber-Sudarshan function [66, 67] . We show that the structure of the pump state in the phase space significantly affects the purity and entanglement of the signal and idler modes. We illustrate our findings by practically relevant examples of a phase-smeared coherent state, a convolution of thermal and coherent states, and a coherent state affected by the Kerr medium. Our analysis is relevant to all the situations, where the coherence of the pump matters, e.g., in nonlinear interferometers [68, 69] .
The paper is organized as follows. In Section II, we derive the two-mode density operator of signal and idler for a general mixed pump as well as describe its purity and entanglement quantifiers. In Section III, we analyze the purity dynamics and the entanglement dynamics for the two-mode states in the OPG pumped by the thermal state and the displaced thermal state. In Section IV, the phase-smeared coherent pump is considered. In Section IV C, we propose an approach to deal with a general mixed pump by applying the Schmidt decomposition to the Glauber-Sudarshan function P (|α|e iθ ) of the pump state with respect to α and θ. We pay special attention to the distribution of phase θ and reveal an interference-like pattern for the entanglement and purity quantifiers. In Section V, we further apply the developed theory to a pump beam modulated by the Kerr nonlinear crystal. Section VI provides a summary and conclusions.
II. DENSITY OPERATOR FOR IDLER AND SIGNAL MODES
The interaction between the pump mode (p) and the down-converted modes in the non-degenerate OPG is described by the Hamiltonian (in units such that the Planck constant = 1)
where g is the interaction constant related with the second-order electric susceptibility χ (2) , χ
χ (1) . The interaction time t between the pump mode and the downconverted modes is defined by the length of the nonlinear crystal. In realistic conditions, the product gt 1 is a small parameter. This implies that the average number of photons in the pump beam, N is much greater than the average number of photons in the down-converted modes (∼ gt √ N ), so there is no depletion of the pump.
Suppose the pump is initially in the coherent state |α , i.e. a p |α = α |α , and the idler and signal modes are in the vacuum state |0 i 0 s . Time evolution operator U t = exp(−iH int t) with the Hamiltonian (5) transforms the initial state into the following one:
where |φ α = a † p |α . The subscript α in |ψ α (t) indicates that initial state of the pump is a pure coherent state |α . The three-mode density operator of the pump, the idler, and the signal reads
For a general initial pump state p we use the diagonal sum representation p = P (α) |α α| d 2 α, where P (α) is the Glauber-Sudarshan function [70] . Exploiting the linearity of the quantum evolution, we get the three-mode density operator of the pump, idler, and signal at time t
The density operator of the idler and signal modes is (t) is obtained from Eq. (8) by taking the partial trace over the pump mode [71] , is (t) = tr p (t). The density operator is (t) is a linear combination of operators |m i m s n i n s |. A straightforward algebra yields the following matrix representation of is (t) in the subspace of vectors
where the coefficients c mn read
Note that c 00 = 1 because P (α)d 2 α = tr p = 1. The purity parameter tr[ 
The greater the linear entropy, the more mixed the state is. For the state (9) the linear entropy equals
and grows quadratically with time t.
Since is is a linear combination of operators |m i m s n i n s |, its entanglement can be effectively quantified via the negativity measure [72] 
where A 1 = k |λ k | for a Hermitian operator A with spectrum {λ k }, T s is a partial transposition in the signal mode, i.e., (|m i m s n i n s |)
s , whereas N > 0 indicates the state is is entangled. The direct calculation yields the following formula for negativity of the state (9) :
The negativity N grows linearly with time t when gt 1. One can see that the purity and the entanglement of the two-mode state is depend on the coefficients c mn , which in turn are expressed through the Glauber-Sudarshan function P (α) of the pump state. In the following sections, we discuss particular models of the incoherent pump and its effect on the idler-signal entanglement.
III. THERMAL AND DISPLACED THERMAL PUMP
A rather intense radiation for the pump is produced not only by a laser but also by alternative optical sources such as amplified spontaneous emission (ASE) and light emitting diodes (LED). In contrast to the laser radiation, the ASE and LED produce a light of low spatial and temporal coherence [73] [74] [75] [76] . In particular, Ref. [75] reports a doped fibre ASE radiation with the degree of second-order coherence g (2) (0) = 1.97 ± 0.1, which is higher than that for the halogen lamp (g (2) (0) = 1.8 ± 0.1) exhibiting blackbody characteristics at 3000 K. Similarly, the superluminescent diode emits a completely incoherent light which has the same characteristics as the thermal radiation [76] [77] [78] [79] . A pseudothermal light of high intensity is also generated by inserting a spinning glass diffuser (Arecchis wheel) in the path of the laser light [80] [81] [82] [83] [84] . We describe the completely incoherent (thermal) radiation in the selected pump mode by the density operator p = P th (α) |α α| d 2 α with the Glauber-Sudarshan function
where n is the average number of photons in the pump mode. The use of the thermal light (15) as a pump results in the state of idler and signal modes (9) with parameters
The linear entropy and negativity of the idler-signal state read
which means that there is no entanglement between the idler mode and the signal mode. Instead, only classical correlations are present as is = ∞ n=0 p n |n i n s n i n s |, where p n is the probability to observe n photons in either of idler or signal modes. Although the photon pairs are still created simultaneously in such an OPG, this form of correlations can be created via local operations and classical communications [85] .
The situation is different for such pump states that still exhibit coherent properties. For instance, the superluminescent diode with a balance between spontaneous and stimulated emission [86] and the superluminescent diode with controlled optical feedback [87] produce the partially coherent light with 1 < g (2) (0) < 2. Such a radiation represents a superposition of the thermal radiation and the coherent state and is known as a displaced thermal state. This state is also experimentally simulated by superimposing the thermal light and the coherent light on a beamsplitter [88] . The P -function of a displaced thermal state reads
Geometrically, the state (18) is obtained from the thermal state (15) by a shift in the phase space (Reα, Imα); the displacement equals |α 0 | and its direction is determined by the angle θ 0 = argα 0 , see Fig. 2 . The use of the displaced thermal light (18) as a pump results in the state of idler and signal modes (9) with parameters
). (20) In this case, the idler and signal modes are entangled and the degree of entanglement is proportional to the displacement |α 0 |. The greater n, the more mixed the state is is. Therefore, the thermal contribution in the partially coherent pump leads to a decrease of the purity of is , whereas the coherent contribution in the partially coherent pump determines the entanglement of is .
A comparison the idler-signal properties for the thermal pump and the displaced thermal pump is presented in Fig. 2 . The linear entropy is the same for both cases, whereas the negativity is different. These results are applicable to the experimental study of the OPG with the incoherent pump produced by a light emitting diode [57] [58] [59] .
IV. EFFECT OF DEPHASING IN PUMP
Dephasing in the fixed pump mode is a stochastic process, which can be caused by several reasons: (i) phase diffusion in a laser [89] , (ii) temporal variations of the refractive index in the propagating medium, e.g., the atmosphere [35] 
A. Small dephasing
We model the effect of small dephasing on a coherent state |α 0 , α 0 = |α 0 |e iθ0 , by a Gaussian phase distribution with the standard deviation ∆θ 1, which leads to the following P -function:
where δ is the Dirac delta function. Similar phase smearing is studied in the context of a squeezed coherent pump in Ref. [60] . Substituting Eq. (21) into Eq. (10), we get
Note that the negativity (20) for the displaced thermal state (18) is greater than the negativity of the dephased coherent state (21) for all ∆θ > 0. This behavior can be ascribed to the fact that the displaced thermal state is symmetric with respect to α 0 , i.e. the states |α 0 + β and |α 0 − β equally contribute to the output, whereas the dephased coherent state (21) is not symmetric with respect to α 0 in the phase space, see Fig. 3 . This observation also implies that the phase distribution of the pump plays a much more important role on the entanglement of idler and signal modes than the amplitude distribution of the pump.
B. Phase-averaged pump
The phase averaged coherent state is defined through p = 2π 0 |α 0 e iϕ α 0 e iϕ | dϕ 2π (27) and describes the complete dephasing. It is realized experimentally as an ensemble of coherent states with random phases, with the phase shift being created stochastically by a mirror mounted on a piezoelectric movement [88, 91] . The P -function for such a state reads
In full analogy with the thermal state (15), the Pfunction of the phase averaged coherent state is invariant to rotations in the phase space, which leads to vanishing coefficients c nm in Eq. (10) . As a result, we have
and the following linear entropy and negativity of the idler-signal state:
Comparing the purity of is for the phase averaged coherent pump and that for the thermal pump of the same intensity [Eq. (17) with n = |α 0 | 2 ], we see that they coincide. Therefore, the thermal pump is indistinguishable from the phase averaged coherent pump from the viewpoint of the idler and signal modes.
C. General phase distribution
Consider the pump state
where L(θ) is a general phase distribution or quasidistribution such that 2π 0 L(θ)dθ = 1. Suppose that the function L(θ) is continuous; then it can be approximated by a histogram function with k bins, see Fig. 4 . Let θ j be a midpoint of j-th bin and ∆θ j be the size of j-th bin, then
where u j (θ) is a rectangular distribution function on interval [θ j − 1 2 ∆θ j , θ j + 1 2 ∆θ j ) and coefficients h j satisfy the normalization condition k j=1 h j = 1. Combining (32), (31) , and (10), we get parameters of the down-converted two-mode state in this approximation: As an example consider a mixture of two narrow uniform distributions with equal weights and the midpoints θ and θ . Since the distributions are narrow, sinc
The linear entropy and the negativity measure of entanglement for the two-mode idler-signal state read
The quantities (34) and (35) So far in this section we have been considering the factorized P -functions of the pump with respect to the amplitude and the phase, i.e. P (|α|e iθ ) = A(|α|)L(θ). To deal with a general continuous function P (|α|e iθ ), we use the Schmidt decomposition
where the real functions A r (|α|) and L r (θ) satisfy the conditions
The functions L r (θ) can be further approximated by histogram functions (32) with possibly negative coefficients h j such that h j = 2π 0 L r (θ)dθ. This approach allows one to deal with general continuous functions P (α) including those describing non-classical states of light [92] [93] [94] .
V. PUMP WITH KERR SQUEEZING
The third order nonlinear susceptibility χ (3) of a medium results in the intensity-dependent refractive index known as the optical Kerr effect. This effect is significant in some glasses [95] and optical fibres [96, 97] . As a result of the optical Kerr effect, the quantum state of light experiences an intensity-dependent phase shift leading to a banana-shape quadrature squeezing [98] [99] [100] . As the radiation in the pump mode is to be quite intense to observe the nontrivial downconverted state in OPG, the pump itself is subjected to the optical Kerr effect. This happens if the radiation from the pump source (e.g., a laser) is delivered to the downconversion crystal through a fiber. In this section, we study how the Kerr-modulated pump affects the entanglement and purity of the idler and signal modes.
The optical Kerr effect in the pump mode is described a quartic interaction Hamiltonian [63, 101] . Denote t K the time of Kerr modulation, then the modified pump state p is related with the original pump state p through averaged, then p = p . The Kerr medium actually modifies only those states p that exhibit some degree of coherence. In view of this, further in this section we focus on the coherent state p = |α 0 α 0 | and the displaced thermal state (18) as inputs to the Kerr medium.
To use formula (10) we need to find the GlauberSudarshan function for the output of Kerr medium. The straightforward approach is to express the P -function through the Husimi-Kano function Q(ξ) = π −1 ξ| p |ξ as follows:
(38) This approach works well if the input to the Kerr medium is the displaced thermal state (18) with n > 0. In Fig. 5 , we depict the P -function of the Kerr medium output for different times t K of the Kerr modulation. However, there are two complications related with such an approach: (i) the use of Eq. (38) conceals the physical properties of Pfunction and the effect of parameters α 0 , n, g K t K on the purity and entanglement of OPG two-mode states; (ii) Eq. (38) is not applicable directly to the coherent input |α 0 α 0 | to the Kerr medium because of the singular character of the P -function [93, 102] .
Due to the above complications we develop an approximate treatment of the P -function based on the factorization
where L(θ) is the phase distribution function defined through
We verify the validity of approximation (39) for the Kerrmodulated displaced thermal state by numerically calculating the Schmidt coefficients λ r in formula (36) for such a state. In Fig. 6 we depict the distribution of Schmidt coefficients for different times t K . The approximation (39) is valid if the coefficients λ r decay rapidly with r. This takes takes place indeed if ∆θ 2π, where ∆θ is the characteristic width of the phase distribution function L(θ).
Let us estimate the characteristic phase spreading of the P -function in phase space for the Kerr-modulated pump. The operator exp −ia † aϕ rotates the phase space by the angle ϕ and transforms the Fock state |n into e −inϕ |n . The operator exp −i(a † ) 2 a 2 ϕ transforms the Fock state |n into e −in(n−1)ϕ |n , which can be interpreted as a rotation in the phase space by the angle (n − 1)ϕ. It means that the rotation angle for Fock states is linearly proportional to their energy. Therefore, the characteristic phase spreading ∆θ of the P -function due to the Kerr medium can be estimated through the dispersion of photon numbers n in the Fock states significantly contributing to p , namely, ∆θ ∼ g K t K n 2 − n 2 . For the coherent state
In contrast to the coherent state, the displaced thermal state (18) itself has the phase dispersion n/|α 0 | 2 if |α 0 | 2 n. This dispersion is enhanced by dispersion (g K t K ) 2 ( n 2 − n 2 ) when the pump light passes through the Kerr medium. We use the known photon number dis-tribution function [103] and get
provided |α 0 | 2 n. We focus on experimentally achievable modulation constants g K t K 1 such that the characteristic phase spreading ∆θ 2π. If this is the case, then the GlauberSudarshan function P (|α|e iθ ) of p is well approximated by a factorized form A(|α|)L(θ).
The amplitude distributions A coh. (|α|) and A dis.coh. (|α|) for the initially coherent state p = |α 0 α 0 | and the displaced thermal state (18) , respectively, read
and satisfy
It is the phase distribution L(θ) that significantly contributes to the coefficients c mn and defines the purity and the entanglement of signal and idler modes. In Appendix A, we analytically calculate the phase distribution L coh. (θ) in the case of the coherent state p = ||α 0 |e iθ0 |α 0 |e iθ0 | as an input to the Kerr medium; the result is
is the Dirichlet kernel. We further substitute Eq. (46) into Eq. (45) and numerically calculate the linear entropy and negativity of the signal and idler modes. The results are presented in Fig. 7 . The greater the Kerr modulation g K t K , the less entangled and more mixed the state of signal and idler modes is.
In Appendix B, we analytically calculate the phase distribution L dis.th. (θ) in the case of the displaced thermal state (18) as an input to the Kerr medium; the result is (45), we still get the coefficients c nm and calculate the linear entropy and negativity of the signal and idler modes, see Fig. 9(b) . Even in this case, our results are in good agreement with the exact numerical calculation exploiting formula (38) , cf. Fig. 9(a) .
Comparing the results for the Kerr-modulated displaced thermal pump (Fig. 9 ) and the Kerr-modulated coherent pump ( Fig. 7) with the same number of photons, we conclude that the former one leads to a worse entanglement and a lower purity of the signal-idler modes than the latter one. The greater the Kerr modulation g K t K , the more significant is the advantage of the coherent state.
VI. SUMMARY AND CONCLUSIONS
The current technology provides the sources of intense light beyond conventional lasers, for instance, laser diodes which could be used as a pump in the OPG. The downconverted photons pairs are still created simultaneously with such an incoherent pump, however, they rather correspond to a mixed state is of the signal and idler modes than to a pure one. In fact, the down-converted modes (signal and idler ones) inherit the incoherent properties of the pump and exhibit less degree of entanglement and purity as compared to the OPG with the coherent pump.
We have demonstrated, that the thermal pump and the phase-averaged coherent pump result in no entanglement between the idler and signal modes, the classical correlations are present only. The displaced thermal pump and the partially dephased coherent pump produce some entanglement between the idler and signal modes; the degree of entanglement decreases with the growth of thermal contribution and dephasing, respectively.
We have developed the approach to deal with an arbitrary pump defined by the Glauber-Sudarshan function P (α). The entanglement and the purity of is are much more sensitive to the phase distribution L(θ) of the pump rather than to the amplitude distribution A(|α|). The general observation is that the wider the phase distribution L(θ), the less entangled are the signal and idler modes. As an instructive example, we have analytically calculated the phase distribution L(θ) for the Kerr-modulated coherent pump and the Kerr-modulated displaced thermal pump, and used this distribution to infer the entanglement properties of the idler and signal modes. In this section, we derive the phase distribution L (θ) for coherent pump modulated by the Kerr medium.
We start with a general transformation of the Pfunction in the Kerr medium, which follows from Eq. (37) and Ref. [70] :
where P in (out) is the P -function of the Kerr medium input (output).
To find the phase distribution (40), we utilize several mathematical transformations. The idea of the first transformation is based on the extension of the integration limits in Eq. (40) and formally include negative values, i.e., |α| → a ∈ (−∞, +∞). Denote
then the integration of P out (ae iθ ) over a ∈ (−∞, +∞) yields
where (· · · ) denotes the terms in the first two lines of Eq. (A1). Since (−1) k+l = e −iπ(k−l) , we combine (· · · ) and e −iπ(k−l) and get
On the other hand, 
where H n (x) is the nth-order Hermite polynomial. We make a change of variables, which takes into account that both k + l and k − l are even:
k + l = 2x, k − l = 2y, |y| ≤ x, x, y = 0, 1, 2, . . . is the Dirichlet kernel. In this section, we find the phase distribution L(θ) for the output of the Kerr medium, when the input is a displaced thermal state with the P -function 
where I n (x) is the modified Bessel function of the first kind. The second integration yields [104] : 
where G(x) is the gamma function, 1 F 1 (x; y; z) is the confluent hypergeometric function, and
Using the property Γ(n + 1) = n! for nonnegative integers n and combining (A9), (B1), and (B3), we finally get 
